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GOAL: Sample from a probability distribution 7 supported on
X C RP in a high dimensional setting (i.e., for a large p).

KNOWN: f£ —log(9r). (fe C*(X))

Applications: Bayesian inference, generative modeling, etc.
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(Euclidean) Langevin Monte Carlo

(Overdamped) Langevin dynamics

dX; = —VAX,)dt + V2dB;, (LD)

where {B:}+>0 is a standard p-dimensional Brownian motion.

Kelvin Shuangjian ZHANG Wasserstein Control of Mirror Langevin Monte Carlo ENS Paris; http://shuangjian.info



(Euclidean) Langevin Monte Carlo

(Overdamped) Langevin dynamics

dX; = —VAX;)dt + V2dB, (LD)

where {B¢} >0 is a standard p-dimensional Brownian motion.

Kelvin Shuangjian ZHANG Wasserstein Control of Mirror Langevin Monte Carlo ENS Paris; http://shuangjian.info



(Euclidean) Langevin Monte Carlo

(Overdamped) Langevin dynamics

dX; = —VAX;)dt + V2dB, (LD)

where {B¢} >0 is a standard p-dimensional Brownian motion.
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(Euclidean) Langevin Monte Carlo

(Overdamped) Langevin dynamics

dX; = —VAX.)dt + v/2dBs. (LD)
Euler-Maruyama discretization
Xir1 = Xk — hiepd VAXK) + v/ 2hi 18k k=0,1,2,..
(LMC)
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Convergence scheme

» The continuous dynamics X; has 7 as its unique invariant measure.

> A discretization algorithm ensure the convergence of X.
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(Euclidean) Langevin M

Theorem (Dalalyan and Karagulyan, 2019)

Let j1i be the law of Xy, Wh(-,-) the Wasserstein 2-distance, and
hie=h<2/(m+ M). Assume

“User-friendly guarantees for the Langevin Monte Carlo with inaccurate gradient.” Dalalyan and Karagulyan, Stochastic
Processes and their Applications, 129(12):5278-5311, 2019.
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(Euclidean) Langevin Monte Carlo

Theorem (Dalalyan and Karagulyan, 2019)

Let j1i be the law of Xy, Wh(-,-) the Wasserstein 2-distance, and
hie=h<2/(m+ M). Assume

(VAx) — VAX'),x = x') > m||x — x’Hi ; (strong convexity)
|VAX) — VAX)||, < M|[x = x|, . (Lipschitz smoothness)
Then

“User-friendly guarantees for the Langevin Monte Carlo with inaccurate gradient.” Dalalyan and Karagulyan, Stochastic
Processes and their Applications, 129(12):5278-5311, 2019.
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(Euclidean) Langevin Monte Carlo

Theorem (Dalalyan and Karagulyan, 2019)

Let 1y be the law of Xy, Wh(:,-) the Wasserstein 2-distance, and
hy=h<2/(m+ M). Assume

(VAx) — VAX),x —x') > m Hx - x/Hg ; (strong convexity)
|VAx) = VAX)|, < M|jx — x|, . (Lipschitz smoothness)
Then

Convergence
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M
W2(Mka 7T) < (1 — mh)kWQ(,u,o,ﬂ') + 1.65 <m> P

“User-friendly guarantees for the Langevin Monte Carlo with inaccurate gradient.” Dalalyan and Karagulyan, Stochastic
Processes and their Applications, 129(12):5278-5311, 2019.
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(Euclidean) Langevin Monte Carlo

Theorem (Dalalyan and Karagulyan, 2019)

Let j1i be the law of Xy, Wh(-,-) the Wasserstein 2-distance, and
hie=h<2/(m+ M). Assume

(VAx) — VAX'),x = x') > m||x — x'Hg ; (strong convexity)
|VAX) — VAX)||, < M|[x = x|, . (Lipschitz smoothness)
Then

Iteration Complexity

2
It needs K. ~ nAfTE’; log (1) steps to reach e-precision.

“User-friendly guarantees for the Langevin Monte Carlo with inaccurate gradient.” Dalalyan and Karagulyan, Stochastic
Processes and their Applications, 129(12):5278-5311, 2019.
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Gamma Distribution

» 1D-plot on density
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Gamma Distribution

» 1D-plot on density

i

(=2, a)loglx) + bix+ C. ]

Kelvin Shuangjian ZHANG Wasserstein Control of Mirror Langevin Monte Carlo ENS Paris; http huangjian.info



Gamma Distribution

= Zf:l(l — a;) log(x;) + bix; + C.

Strong convexity and Lipschitz smoothness
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Gamma Distribution

Langevin Monte Carlo
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Relaxation of Strong convexity and Lipschitz-smoothness

Previous assumptions

(VAx) = VAX),x —x') > m||x — x’Hg ; (strong-convexity)
|VAX) — VAX)||, < M|[x = x|, . (Lipschitz smoothness)
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Relaxation of Strong convexity and Lipschitz-smoothness
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Relaxation of Strong convexity and Lipschitz-smoothness

Previous assumptions

(VAx) — VAX), V(x2/2) = V(x?/2)) = m|x — X||3;
|VA(x) = VAX)||, < M||x = x|,
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Relaxation of Strong convexity and Lipschitz-smoothness

Previous assumptions
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Relaxation of Strong convexity and Lipschitz-smoothness

Previous assumptions
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Relaxation of Strong convexity and Lipschitz-smoothness

Previous assumptions

(VAX) — VAX), V(x*/2) = V(x?/2)) > m||V(x*/2) = V(x2/2)||5;
[VAx) = VAX)||, < M[|[V(x*/2) =X,
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Relaxation of Strong convexity and Lipschitz-smoothness

Previous assumptions

(VAX) = VAX), V(x*/2) = V(x?/2)) > m||[V(x*/2) = V(x?/2)||5:
HVf(x) — Vf(x’)||2 < M}|V(x2/2) — V(x’2/2)H2.
2)
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Relaxation of Strong convexity and Lipschitz-smoothness

Previous assumptions

(Vfix) = VAX'), V(x2/2) = V(x?/2)) 2 m||V(x*/2) = V(x2/2)|5:
IVAx) = VA, < M|V (2/2) = T(x2/2)|,

(2)
Equivalent assumptions
&
Let & = %,

(VAxX) = VAX'), Vo(x) — Vo(X')) = m|[Ve(x) — Vq“)(x’)”; ; 3)
[VAx) — VAX)||, < M||Vo(x) — V(X)) -

.
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Relaxation of Strong convexity and Lipschitz-smoothness

Equivalent assumptions

2
p_x2
Let ¢ — o

(VAx) — VAX'), Vo(x) — V(X)) = m||Vo(x) — Vo(x)||3; -
[VAx) — Vf(x')”2 < M||Ve(x) — chb(x’)Hz.

\. J

Current assumptions (weaker)

-+ some C?(X) Legendre-type convex entropy ¢ on X, such that

(VAx) — VAX), Vo(x) = Vo(x)) > m[|Ve(x) — Vo(x)]|5:

/ A " (4)
HVf(x) — VAlx )H2 < MHV(}(X) — Vo(x )H2 .

\.
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Relaxation of Strong convexity and Lipschitz-smoothness

Equivalent assumptions

&
L X
Let ()—7,

(VAxX) = VAX'), Vo(x) — Vo(X')) = m||[Ve(x) — Vq“)(x’)“é ; 3)
[VAx) — VAX)||, < M||Vo(x) — V(X)) -

Relative strong convexity and Lipschitz-smoothness

< some C?(X) Legendre-type convex entropy ¢ on X, such that

(V1) = VA), V() = Vo)) = m|[Vo) Vo) [3i o
|97 = VA, < MV () = Vo(x)
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Hessian Riemannian Langevin Monte Carlo (HRLMC)

» Riemannian Langevin dynamics on Hessian Manifold (X', D?$)*:

dXe = (6(Xt) — [quﬁ(xt)]ilv"(xt))dt‘i‘ 2[D?¢(X;)]~1dBy, (5)]
where 0(X;) € —[D?¢(X¢)] 2Tt (DP¢(Xe)[DPH(X)]1).

1
“Langevin diffusions and Metropolis-Hastings algorithms.” Roberts and Stramer, Methodology and computing in applied
probability, 4(4):337-357, 2002.
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Hessian Riemannian Langevin Monte Carlo (HRLMC)

Riemannian Langevin dynamics on Hessian Manifold (X, D?¢):
dX: = (0(Xe) — [DPP(Xe)] ' VAXy))dt + /2[D%p(X,)]"1dBy,  (5)

where 0(X;) = —[D?¢(X,)] 1 Tr (D3¢(Xe)[DPp(Xe)] 7L).
Denoting Y & V(X,), SDE (5) reads

dY; = —Vfo V¢*(Y.)dt+ \/2[D2¢*(Y )]~ 1dB, (6) ]

here ¢*(y) = SUPyex (X, Y) — ¢(x) is the Legendre-Fenchel conjugate of
Q.

1
“Langevin diffusions and Metropolis-Hastings algorithms.” Roberts and Stramer, Methodology and computing in applied

probability, 4(4):337-357, 2002.
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Hessian Riemannian Langevin Monte Carlo (HRLMC)

» Denoting Y & V¢(X;), SDE (5) reads

dY; = —Vfo V¢*(Y.)dt+ \/2[D2¢* (Y )] 1dBs, (6)

here ¢*(y) = supycx (X, y) — ¢(x) is the Legendre-Fenchel conjugate of

o.
» The Euler-Maruyama discretization of SDE (6) :

Yit1 = Y — bt VAVS* (Yi)) + \/Qhk+1[02¢*(Yk)] Y1 (7) ]

1
“Langevin diffusions and Metropolis-Hastings algorithms.” Roberts and Stramer, Methodology and computing in applied
probability, 4(4):337-357, 2002.
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Hessian Riemannian Langevin Monte Carlo (HRLMC)

» The Euler-Maruyama discretization of SDE (6) :

Yii1 = Yi— ha VAV (Ye)) + \/Qhk+1[02¢*(Yk)] 1. (7)

» Using Xx = V¢*(Yy), we derive the HRLMC algorithm

Xii1 E Vo* <V¢(Xk) = hk+1Vf(Xk)+\/Qhk+1[92¢(xk)]€k+1>-
(HRLMC)

1
“Langevin diffusions and Metropolis-Hastings algorithms.” Roberts and Stramer, Methodology and computing in applied
probability, 4(4):337-357, 2002.
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Hessian Riemannian Langevin Monte Carlo (HRLMC)

» Using Xk = V¢*(Yk), we derive the HRLMC algorithm

Xir1 2 V" (Vo(Xe) - hk+1v:‘(xk)+ﬁth[D%(xk)]ng).
(HRLMC)

1
“Langevin diffusions and Metropolis-Hastings algorithms.” Roberts and Stramer, Methodology and computing in applied
probability, 4(4):337-357, 2002.
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Hessian Riemannian Langevin Monte Carlo (HRLMC)

Xep1 & Vo (w)(xk) — Bt VAXy) )
(Mirror Descent)

1
“Langevin diffusions and Metropolis-Hastings algorithms.” Roberts and Stramer, Methodology and computing in applied
probability, 4(4):337-357, 2002.
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Other assumptions on ¢ and f

> Self-concordance-like condition on ¢:

[ V2| DP6(02 — DPo(x)3 || < 5 [[V6(x) ~ Vo) - ]
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Other assumptions on ¢ and f

> Self-concordance-like condition on ¢:

V2 HD2¢(X)% - D3| <k [[Vo(x) = Vo), -

\. J

» Bound on the commutator of D?¢ and D?f.

| [(DP(x)) ™, PA)] |, < o.
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Other assumptions on ¢ and f

> Self-concordance-like condition on ¢:

V2 HD2¢(X)% - D3| <k [[Vo(x) = Vo), -

\. J

» Bound on the commutator of D?¢ and D?f.

| [(DP(x)) ™, PA)] |, < o.

\. J

» Moment condition on the Hessian of ¢:

R Exce [|2600]] = [, 106w < o
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Other assumptions on ¢ and f

> Self-concordance-like condition on ¢:

V2 HD2¢(X)% - D3| <k [[Vo(x) = Vo), -

\. J

» Bound on the commutator of D?¢ and D?f.

| [(DP(x)) ™, PA)] |, < o.

\. J

» Moment condition on the Hessian of ¢:

R Exce [|2600]] = [, 106w < o

\. J

> Interaction of key parameters:

~ def. 0(4M + 9)
def. 2 \/
Kk = \/h: + 2( I\/l) < V2m.

J
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Gamma distribution. f = Zf.’zl(l — aj)log(x;) + bixi + C take
¢=- f'):1 log(x;). (Burg's entropy)
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Gamma distribution. f = Y7 (1 — a;)log(x;) + bix; + C; take
¢ = —> 71 log(xi). (Burg's entropy)
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Gamma distribution. f = Y% (1 — a;)log(x;) + bix; + C; take
¢=- f_,:1 log(x;). (Burg's entropy)

Dirichlet distribution. f= (1 — a;)log(x) + (1 — a2) log(1 — x) + G
take ¢ = —log(x) — log(1 — x). (Burg's entropy on 1D Simplex)

Kelvin Shuangjian ZHANG Wasserstein Control of Mirror Langevin Monte Carlo ENS Paris; http://shuangjian.info



Dirichlet distribution. f= (1 — a1)log(x) + (1 — a2) log(1 — x) + G
take ¢ = —log(x) — log(1 — x). (Burg's entropy on 1D Simplex)

Kelvin Shuangjian ZHANG Wasserstein Control of Mirror Langevin Monte Carlo ENS Paris; http://shuangjian.info



Gamma distribution. f = Y7 (1 — a;)log(x;) + bix; + C; take
¢=- f_,:1 log(x;). (Burg's entropy)

Dirichlet distribution. f= (1 — a;)log(x) + (1 — a2) log(1 — x) + G
take ¢ = —log(x) — log(1 — x). (Burg's entropy on 1D Simplex)

e

J

| | Case 1 | Case 2 | |
m min;{a; — 1} min{a; — 1,2 — 1}
M max;{a; — 1} max{a; — 1,a — 1}
K V2 V2
) 0 0
R S {ai— 3)!/b?i—2 (31—3)!(32(—3113::-2(551)!(32—3)!
E<2m aj > 2,Yi ap,ap > 2
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Main result:

» Let d be the Riemannian distance associated with the squared Hessian
metric [D?¢(x)]. Define

W o) inf E[d(xx)] = inf E[[|Ve(x) - Vo()[3]|

X~ X! ~ov X~ X! ~ov

Note: When ¢(x) = ||x||* /2, one recovers the standard W, distance
used in the Euclidean Langevin Monte Carlo (1).
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Main result:

> Define WA (1, v) < infyyxy E [IIW(X) - V¢(X’)II§]-

Theorem (Z.-Peyré-Fadili-Pereyra, COLT2020)

Under the above assumptions, assume hy = h is sufficiently small. Then

Wa g (p1k, ™) <p"Wa g(p10, ) + h%(l - /))_1p% Mz Rz (1.65\/M+ Ii/\/g)

+ h(1 — p)_lp%/@R%,

where the contraction ratio p = /(1 — mh)2 + hi2 < 1.
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Main result:

Theorem (Z.-Peyré-Fadili-Pereyra, COLT2020)

Under the above assumptions, assume hy = h is sufficiently small. Then

Wa o1k, ) <P Wag(tto, m) + h* (1 = p) ™2 p% M2 R: (1.65v/M + 1/ V3)

+ h(1 — /))_lp%nR%,

where the contraction ratio p = \/(1 — mh)2 + hi2 < 1.

Under vanishing step-sizes, the HRLMC algorithm contracts toward a
Wasserstein ball centered at the target distribution 7 with radius

11
aef. 26p2 R2
0= om—R2
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Main result:

Theorem (Z.-Peyré-Fadili-Pereyra, COLT2020)

Under the above assumptions, assume hy = h is sufficiently small. Then

Wa o1k, ) <P Wag(tto, m) + h* (1 = p) ™2 p% M2 R: (1.65v/M + 1/ V3)

+ h(1 — /))_lp%nR%,

where the contraction ratio p = \/(1 — mh)2 + hi2 < 1.

Under vanishing step-sizes, the HRLMC algorithm contracts toward a
Wasserstein ball centered at the target distribution 7 with radius

1 1
o 2kp2 R? 2
1o g'%j 0, when qb:x?.

2m— k2
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Main result:

Theorem (Z.-Peyré-Fadili-Pereyra, COLT2020)

Under the above assumptions, assume hy = h is sufficiently small. Then

Wa o j1ks ) <P Wag(tto, m) + h* (1 = p) ™2 pE MER: (1.65V/M + 1/ V3)

+ h(1 - p)*lp%mR%,

where the contraction ratio p = V(1 — mh)2 + hi2 < 1.

Iteration Complexity

- pMR( \/M+m)2

K ~ —gm—rys 6% log (1) steps to reach (ro + ¢)-precision.
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Numerics

» Dirichlet distribution dr < x*(1 — x)?dx on 1D Simplex:

Visual display of the evolution of the empirical distribution of X, for
three different initializations: (a) Dirac measure at 10=%; (b) uniform
measure on [0.3,0.8]; (c) two Dirac measures at 0.2 and 0.8.

(2) (b)

(c

@
E
H

dl
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Numerics

» Dirichlet distribution dr oc x*(1 — x)?dx on 1D Simplex:

10* . .
——h=0.25
——h=0.1
10%¢ h=0.04 |3
—~ —To = 2/\/g
l: 2
~ 10°F E
~e
3
N—
<
§] 101 L 4
Y I A
0 |= =|
0 e Ao e
10t : ‘ ) ‘ : ‘ :
0 50 100 150 200 250 300 350 400

Number of iterations k
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Numerics

» Dirichlet distribution dm o x%x%(l — x1 — x2)%dxidxo on 2D Simplex:
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Numerics

» Dirichlet distribution dmr o x%x%(l — x1 — x2)?dxydxz on 2D Simplex:

50
5| ——h=0.2
——h=0.15
h=0.025/ 1

0 50 100 150
Number of iterations k
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Conclusion:

» First guarantees of HRLMC which show that it contracts into a
Wasserstein ball centered at the desired invariant distribution.
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Conclusion:

Contributions

» First guarantees of HRLMC which show that it contracts into a
Wasserstein ball centered at the desired invariant distribution.

» Our method recovers the state-of-the-art non-asymptotic sampling
error bounds in Wasserstein distance for the quadratic case.
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Conclusion:

Contributions

» First guarantees of HRLMC which show that it contracts into a
Wasserstein ball centered at the desired invariant distribution.

» Our method recovers the state-of-the-art non-asymptotic sampling
error bounds in Wasserstein distance for the quadratic case.

» Numerics also support our theory.
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Conclusion:

Contributions

» First guarantees of HRLMC which show that it contracts into a
Wasserstein ball centered at the desired invariant distribution.

» Our method recovers the state-of-the-art non-asymptotic sampling
error bounds in Wasserstein distance for the quadratic case.

» Numerics also support our theory.

» We conjecture that the bias term is inevitable. How to prove it?
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Conclusion:

Contributions

» First guarantees of HRLMC which show that it contracts into a
Wasserstein ball centered at the desired invariant distribution.

» Our method recovers the state-of-the-art non-asymptotic sampling
error bounds in Wasserstein distance for the quadratic case.

» Numerics also support our theory.

» We conjecture that the bias term is inevitable. How to prove it?

» What is a provably good discretization of the Riemannian Langevin
dynamics for general manifolds?

uangjian.info
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Thank you very much!
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